Geodesics and Finslerian Equations
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Abstract: In the framework of the EGR theory, introduced recently
by the author as a non-Riemannian extension of the General Theory
of Relativity, the geodesic equations for a free neutral particle have
the same form as those in Riemannian geometry except that they de-
scribe the particle’s motion together with its own gravitational field,
thus forming a global dynamical massive entity. In this paper, we
show that in the case of a charged mass moving in an external elec-
tromagnetic field, the gravitational field of the global mass interacts
with the electromagnetic potential through its current density. This
interaction process must necessarily take a place in order for the global
charge’s lines of motion to satisfy a differential Finslerian system of
equations whose form is similar to that of Riemannian geometry, as
is the case for the neutral particle’s geodesics. This result represents
further evidence that the EGR model is an appropriate description of
the mass and its subsequent gravitational field as a whole.
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Chapter 1. The Neutral Mass

§1.1. The EGR energy-momentum tensor. The EGR theory
(Extended General Relativity) was introduced recently by the author [1]
as a non-Riemannian extension of the General Theory of Relativity. Let
us first recall the EGR source-free field equations

1 2
(Gab)EGR = (Rab)EGR - 5 gab(R)EGR - g Jap | = %(Tab)field (1-1)
with
Jab :anb_abJa; (12)

where s is Einstein’s constant, and ¢=1. Here (Typ)gea iS the energy-
momentum tensor of the EGR persistent field related to the tensor den-
sity /=9 (T™) e = (T®)ie1a, which is determined through the equa-
tions

a — 1 e (97'[ __sa
(T6")iera = 9 [abrdf W o5 'H‘| . (1.3)

The invariant density H is given by H = R R,; with the EGR Ricci
tensor density R = R, /—g.

This background EGR field is assumed to be ever-present in vacuum.
When matter is present, our previous studies [1-3] have led us to infer
that the particle’s (bare) mass density p is slightly modified, thus de-
noted hereinafter by p*. The global quantity p* is that part of the region
surrounding the mass density, where Riemannian geometry increasingly
dominates over the global one when asymptotically approaching the
“bare” mass density p: it eventually becomes the single true geometry
in the quasi “contact” situation. The reduction of the geometry in the
immediate vicinity of the mass, can best be depicted by the transition
of the surrounding EGR persistent field tensor density to the pseudo-
tensor density ill-defined by Landau and Lifshitz, which conventionally
describes the massive gravitational field

a — i ec 8£E _ sa ab __ — ab
(7;) )LL - 22 abg 467(8(1966) 6b£E s g» = v—39 ", (14)

where Ly =/—g 9% ({¢, {4} + {2 }{{4}) is the Einstein Lagrangian
density.

Therefore, the EGR. theory enables to regard the quantity p* as
a generalized mass density including its own gravitational field, thus
forming a single dynamical entity. Naturally, the correction brought to
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Riemannian geometry is assumed to be weak. Hence, we write down
the global energy-momentum tensor as

(Tab)EGR = P* (uaub)EGR (1.5)

or b b b
(Ta )EGR = p(uau )EGR + (ta )grav? (1'6)

where (t%),... is the tensor of the gravitational field associated with the
mass density, which classically corresponds (in Riemannian geometry)
to the Landau-Lifshitz pseudo-tensor density (1.4).

The tensor (t?),,,. is antisymmetric in accordance with the form of
the EGR Einstein tensor (G*)ggr (1.1), and so is implicitly the tensor
(T%)er (1.6).

The EGR Einstein tensor (Gup)ser 0Obeys the conservation law

{(RZ)EGR - % {5Z(R)EGR —~ g JS] }I’b =0. (1.7)

Unlike in Riemannian geometry wherein covariant derivatives are
constructed with the Christoffel symbols, the condition (1.7) utilizes the
generally covariant derivatives ’, (also denoted here by the symbol D)
built from the global connection [1]

1
re, = gb} + (T = Zb} + 5 (5ng + 68 Ja — 39ade) . (1.8)

Therefore, in the absence of matter, the persistent field tensor we
denote as (Typ)geaa should be conserved according to (1.7)

[(Tab)ficld:l "y 0. (1.9)
For the “ massive” case, we have
[(Tsor) = [P (W'ta)ear + (10) s ], = 0 (1.10)
or, written equivalently,
[(TD)eor),, = [P" (WPua)ecn],, = 0. (1.11)

§1.2. The EGR geodesics. A free neutral particle with mass mg
classically follows a time-like geodesic according to the equation
da¢ dx?

+ {0} =0 (1.12)

d?xb
ds ds

ds?
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defined in a 4-Riemannian manifold equipped with a metric satisfying

Jab uaub — gabuaub = ]_7 (113)

where u*= % is the corresponding unit 4-vector (the world-velocity of
the particle).
Following the EGR theory, inspection shows that the time-like geo-

desic equations shall have the same form

d2 b dx€ d d
) B 0 i — (1.14)
ds? Joon ds ds ) .n

Besides, the EGR world-velocity is slightly modified by the presence

of the linear (non-square) form

dJ = f(Jy)dz®, (1.15)

so that the 4-velocity u® becomes

dz®

u® = 1.16
Ween = Jim s (1.16)

We also assume here that
Jab (uaub)EGR = gab (UaUp)per = 1. (1.17)

Chapter 2. The Charged Mass

§2.1. Charged density in an electromagnetic field. With fur-
ther contribution due to an external electromagnetic field, namely the
Maxwell tensor Fyy,, the geodesics of a particle with mass mg and charge
e, are generated by the Finslerian curves which are known to be solu-
tions of the Riemannian differential system

u® Vyuy = mi Fau® = %Fbau“, (2.1)
0

where p and p are, respectively, the mass density and the charge density
of the particle. An alternative form of (2.1) is given by the well-known
formula , .,
d? dz€ d
z ot ot pop
p

dzx®
haliad by
ds? * Cd} ds ds

ds ’

(2.2)

where the current vector is given by
J¢ = pu®. (2.3)

The charged particle is said to satisfy a Finslerian flow line.



94 The Abraham Zelmanov Journal — Vol. 8, 2010

Classically, the general electromagnetic field energy-momentum ten-
SOr (Tap)eree 18 inferred from the Lagrangian

1
L=———F%F, —j.A% 2.4
167 b—J] ( )

Henceforth, we use the Heaviside system of units where i is substi-
tuted to the Gauss system #.
As is well-known, the potential A%(x®) is not a directly observable

quantity, but is determined within a gradient
A% = A%+ 0,9. (2.5)

Therefore it is customary to adopt a special gauge, which may be
the Lorentz gauge. For the consistency of the theory, we keep this type
of gauge throughout the text.

The tensor (Typ)ee. is symmetrized, so as to yield

(Tab)dcc _ i gachchd + FamF;nb‘ + gabijm o jaAb. (26)
However, the presence of sources violates (in general) the gauge in-
variance and also prevents this tensor from obeying the conservation
law. This is why, in order to fit in the (symmetric) Einstein equations,
one adds the symmetrized tensor (2.6) without source on the right-hand
side of the Einstein-Maxwell field equations as

Gab =2 [puaub + (Tab)elec] . (27)

This somewhat arbitrary “adjustment” is true evidence of the rather
awkward electromagnetic contribution to the classical field equations. In
this sense, Riemannian geometry appears to be unable to thoroughly de-
scribe electrodynamics in the standard general relativistic theory. The
problem can be cured by using the non-Riemannian connection as ap-
plied in the EGR theory, where the Einstein tensor is no longer symmet-
ric. This intrinsic property allows for a straightforward and natural use
of the canonical energy-momentum tensor of the electromagnetic field in
the EGR Einstein field equations. As will be shown in §2.2 this canonical
tensor is readily derived from a generalized Lagrangian density obtained
in an analogous way as that used to deduce the EGR field equations.

§2.2. The EGR electromagnetic current density. Introducing
the 4-potential A,, the Maxwell tensor is written as

Foy =D, Ay — Dy A, . (2.8)
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We proceed in strict analogy to the EGR stationary principle and
set a Lagrangian density defined from the tensor and vector densities

oL oL

ab a
=— I = — 2.
g OF,,’ 0A,’ (2:9)
Fb = /=g F®, (2.10)
1% =+/—glI°. (2.11)
The varied action is then given by
68:5/£d4x:0. (2.12)
For a variation d A,, we further obtain
1 9L oL 4
— . —_— = .1
oS /(23Fab 6Fab+6Aa 5Aa>d z=0, (2.13)

while the variation of £ is expressed by
1 ab a 4
5}' 0Fup +Z90A, | d*x=0. (2.14)
We integrate (2.14) by parts
/ B F (0,64 — 040 A,) + T° 6Aa} d*e =
=— /ab (F5A,) d*z + / (0pF™ +1%) 6A.d*z =0. (2.15)

If the variations of A, are zero on the integration boundary, the first
integral yields no contribution. Then S =0 implies

Oy F = —1° (2.16)

We clearly see that (2.8) and (2.16) represent the second group of
Maxwell’s equations given by the current density

0= =g I" (2.17)

With a dynamical mass bearing its own gravitational field and hav-
ing charge density pu, the global electromagnetic current density is ob-
viously given by

I = p(u®)gen s (2.18)
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which is collinear with the unit vector (u®)pgg-

Since the EGR description includes the gravitational field of the
charged mass, it is natural to assume that this field interacts with the
external electromagnetic field through the coupling between the current
I, and the potential A,. This can be achieved by taking into account
the term represented by the tensor

(Tab)int - AaIb 5 (219)

which is equivalent to saying that the dynamical mass p* is affected by
the interaction as follows

,0* (uaub)EGR — ,0* (u’aub)EGR + (Ta )int = (p*)int(uaub)EGR . (220)

This assumption will find its full justification in §3.2.

Chapter 3. The EGR Differential Equations

§3.1. The EGR energy-momentum tensor of an electromag-
netic field. Classically, the Lagrangian density displaying the current-
potential coupling, and the Lagrangian itself are written as

1 1
L= F 0 = AuZ", L= F"Fy = A" (3.1)
Because we use the Heaviside system of units (see the note below
formula 2.4 in page 94), the Lagrangian has the form

1
L= -1 FOF, — A I (3.2)

The canonical energy-momentum tensor density (£%°)ggr of the elec-
tromagnetic field is inferred from the Lagrangian density £ (3.1). This
(antisymmetric) tensor density has the usual generic form

oL
(gab)EGR = |:8(8/1):| abAm — gabﬁ, (33)

which has also a tensor counterpart such that

\/jg @ab = (gab)EGR . (34)

Since the EGR Einstein tensor (Ggp)rer 18 Dot symmetric, it is thus
most natural to apply the canonical energy-momentum tensor O, right
away on the right-hand side of the EGR field equations. Therefore, in
the case of a massive charged matter, the EGR field equations can be
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written with the electromagnetic field tensor as

(Gap)eor = > [P* (uaup)pcr + @ab] . (3.5)
The charged mass density is now represented by the global tensor

(Tab)EGR =p (ubua)EGR + (tab)grav + O =
= p*(upUa)pcr + Oab - (3.6)
Obviously, the persistent field tensor (Tup)gaa does not appear ex-
plicitly on the right-hand side since we are here considering the “global
massive” case. Also, the global mass p* density is unaffected by the elec-
tromagnetic interaction (2.20) for the latter coupling is already included
in the canonical tensor © ..

With the well-known classical identity

O (FMFy)

oA = (3.7)

we obtain the canonical tensor ©,p, which is given in the EGR formu-
lation by the formula

1
@ab _ Z gakalel _ fam DbAm + gabImAm (38)

expressed with the EGR current density I™ = p (4™ )gar (2.18).
Using the tensor relations deduced from the equations of motion
(2.16), and taking into account the antisymmetry of F,y,

D, F" =1°, (3.9)
we obtain a formula for the 4-divergence of ©g,. It is

D,6% = &

5 (D'Fiy) FM — (D, F*™)DPA,,, — F*"D, D" A,, +
+ (DI,,) A™ + I,,DPA™ =
__ % DY (Dy A, + Dy Ay) FH 4 (DP1,,) A™, (3.10)
which, due to the antisymmetry of Fj;, obviously reduces to
D0 = (D'I,,) A™. (3.11)

We note in passing that the canonical tensor is conserved in the
absence of electric current, which will be written as (Ggp)ree-
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In the latter case, the gauge change

Al — Ay — O (3.12)
finally yields
(O )tree = (0% )sree — D (F** 0"1)) (3.13)

having Dy, F**=1=0 taken into account.

Hence, (@ab)free is not gauge invariant, but the second divergence
term yields no contribution upon integration, and thus (%), is here
a conserved quantity. Therefore, this (antisymmetric) canonical source-
free tensor should be the appropriate candidate for the EGR field equa-
tions (3.5), provided we use the modified global mass density (p*)n:.

In place of (3.6), we eventually write the equivalent formula

(Tab)EGR = (p*)int (Uaub)EGR + (eab)free' (3'14)

Unlike in Riemannian geometry, we clearly see that the EGR for-
mulation allows us to include the electromagnetic source contribution
represented by (p*)..., in the EGR Einstein-Maxwell equations.

In the absence of matter, the EGR energy-momentum tensor of the
pure electromagnetic field is simply

(Tab)EGR = (Tab)field + (@ab)free . (3'15)

§3.2. The EGR differential equations for the density flow lines
of a charged mass. Our final aim is to find a differential system
satisfied by the global charge, whose form is similar to the Riemannian
system (2.2), as is the case for a neutral mass. To this effect, we first
revert to the global energy-momentum as written in (3.6), for which the
conservation law is given by

[0 (W ta)ocn + €8], = 0. (3.16)
We introduce the vector K; defined by
p*Ky,=D,0¢f = (DpI,) A™. (3.17)
For that, we write the right-hand side as follows

Dy(I[,, A™) — I, Dy A™ = (Dp I,) A™, (3.18)
and noting that
1
1, Dy A™ = 3 I, (DA™ —D™A) (3.19)
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the conservation conditions for the global tensor take the form
D [ p*(uup)par | = —p* Ky =
=D, (I™A,,) — % I, (DA™ —D™A,). (3.20)
Taking into account the formula
(u”)ecr Da (Ub)per = 0, (3.21)

which follows from differentiating (1.17), we find, after multiplying
through (3.20) by (u?)ser,

D, [p*(ua)EGR] = —p"K,(u")pcr - (3.22)
The continuity equation is thus expressed by
D, [P*(UQ)EGR] = —p(u)per X

v {Da [(ttm)men A™] — % (ttm)mn (Da A™ — DmAa)} . (3.23)

After some simplifications, we arrive at the differential system de-
termining the flow lines of the charged particle

(u*)per Da(up)sar = [51? - (uaub)EGR] X
X % {_Da [(um>EGRAm] %Fam (Um)EGR} . (324)

Now, if we assume that the dynamical mass density p* interacting
with the potential A,, is modified so that

—Kp(p")ine = Da [(p*)int(uaub)EGR] = *MDb[(Um)EGRAm} , (3.25)

we eventually obtain

1
= Fom (™) pcr - (3.26)

(ua)EGR D, (ub)EGR = [5;)1 - (uaub)EGR} 9

These equations are to be compared to the Riemannian differential
system

u® Voup = (08 — uup) % Famu™, (3.27)

which reduces to the well-known classical equations u® V,up, = % Fpau®
(2.1) since F™ is antisymmetric.
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In other words, imposing the above-mentioned conditions, the Fins-
lerian trajectory of the global charged density will now satisfy the dif-
ferential system

2,..b c d 1 a
(d - ) + T, (dx dm) = 7 (dm ) . (3.28)
ds? ) n ds ds ), 2 (P")ime ds ) on

Within the numerical factor %, this EGR formulation is formally
similar to the differential system of Riemannian geometry satisfied by
the charged mass density trajectory according to the classical General
Relativity.

Conclusion. Upon imposing the Lorentz gauge, we are able to gen-
eralize some basic principles of electrodynamics via the EGR theory. In
the EGR formulation, three main results readily emerge:

1) Unlike in Riemannian geometry, the (antisymmetric) canonical
electromagnetic energy-momentum tensor (3.8), as inferred from
the Lagrangian (3.2), can be readily used in the EGR field equa-
tions, without post-symmetrization adjustment;

2) The dynamical global charged mass (current) interacting with the
electromagnetic field implicitly appears in the EGR field equa-
tions. This result is impossible to express in Riemannian geometry
(classical General Relativity), which stands so far as a profound
loss of generality in the metric theory;

3) With the 2nd condition outlined above in this list, we are eventu-
ally able to infer the differential system (3.28) obeyed by the global
charged mass, which is formally similar to the differential system
(2.2) introduced according to Riemannian geometry, a similarity
already existent between the Riemannian and EGR geodesics for
the neutral mass, as given by (1.12) and (1.14). This last re-
sult gives us further evidence to substantiate the EGR model as
representing the motion of a mass dynamically bearing its own
gravitational field.

In conclusion, therefore, a last important point should be outlined
here. Either the geodesic equations (1.14) for a neutral particle, or the
Finslerian equations for a charged particle (3.28) (each system with its
own corresponding gravitational field), does not distinguish antimatter
from matter. The EGR model can, however, be adequately used to
interpret the fermionic-antifermionic symmetry as postulated by Louis
de Broglie, and generalized in [4].

Submitted on November 18, 2010
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