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Abstract: In the framework of an Extended General Relativity
based on a semi-affine connection, we have postulated the existence
of a background persistent field filling the physical vacuum and af-
fecting the neighboring masses. In a holonomic scheme, the original
Weyl formulation for generalized variational fields leads to the energy-
momentum tensor of a perfect fluid in the Einstein field equation with
a massive source. Since both the Weyl and EGR connections are
shown to be equivalent in a particular way, the perfect fluid tensor
with its pressure appears as a Riemannian transcription of the EGR
massive tensor, with its surrounding active background field. This re-
sult would lend support to our assertion regarding the persistent field
within the EGR formulation.
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Introduction. In one of our earlier publications [1], we have worked
out an extended theory of general Relativity (EGR Theory) which allows
for a permanent field to exist, thus filling the physical vacuum. This
field appears as a continuity of the matter-pseudo-gravity field [2] which
is required to fulfill the conservation law for the corresponding energy-
momentum tensor in the classical GR theory. The existence of this
persistent field has been first predicted in another paper based on the
Lichnerowicz matching conditions applied to two spherically symmetric
metrics [3]. In the foregoing, we provide a strict demonstration based on
the properties of the so-called generalized variational manifolds [4,5],
which are a general class of Finslerian spaces. This theory relies on
the symmetric Weyl connection which can be extended to the so-called
decomposable connection or semi-symmetric connection [6, p.69-75].
The Weyl manifold is then entirely defined from a) the Riemannian
metric ds? and b) a form dK = K, dz® which is generally non-integrable.

In what follows, we will however restrict our study to the symmetric
part of the Weyl connection which readily relate to the EGR one in a
very simple way.

With respect to a holonomic frame (in the sense of Cartan), the form
dK becomes integrable, and we may establish a pure conformal metric
(ds?)" whose conformal factor is e2X.

This conformal factor enables us to define 4-velocities collinear with
the unit 4-vectors of the Einstein metric and allow us to write simple
conformal geodesic equations for the flow lines of a specific type of
fluid. This differential system is nothing else but the geodesic equation
of a perfect fluid, where an equation of state links its proper density
and the pressure prescribed on it: p= f(p). So, by choosing a Weyl
connection that spans the generalized variational spaces and making
use of a holonomic frame, we are led to find the energy-momentum
tensor of a neutral perfect fluid 7.

By relating the Weyl connection to the EGR connection in a very
simple way, the EGR massive tensor (Tu)rcr appears to be formally
equivalent to the form of T;.
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This substantiates the existence of the EGR persistent field tensor
which in the Riemannian scheme is represented by a pressure term gqp p,
and where the dynamical mass density p increases to (p +p), thus con-
firming our postulate that the EGR Theory describes trajectories of
dynamical entities comprising bare masses of particles and their own
gravity field [7].

Chapter 1. The Extended General Relativity (EGR)

81.1. The Riemannian metric. In an open neighborhood of the
pseudo-Riemannian manifold V4, the metric of signature (+ — ——) can
be expressed by

ds® = gap 076, (1.1)

where 6, are the Pflafian forms in the considered region a=4,1,2, 3.
The manifold considered here is always understood to be globally
hyperbolic [8]. We also set here ¢=1.

81.2. Brief overview on the Extended General Relativity

§1.2.1. Basic properties. We first briefly recall here our previous
results. The non-metricity condition is ensured by the EGR covariant
derivative D or /, of the metric tensor which has been found to be

(chab+Jbgac_ agbc)- (12)

Wl =

Da Jbe —

The vector J, is related to a specific 4 x 4 Hermitean (75)EGR matrix
by
J* =k tr (Y")sen, (1.3)

where k is a real positive constant [9].
One then considers the semi-affine connection (EGR connection)

(T )ean = {0} + (Tas)s (1.4)
with )
(Ca)s = 5 (05 Jo + 05 Jo = 3 gav Ja) (1.5)
and the Christoffel symbols of the second kind {¢,}.

If V, is the Riemannian derivative operator, we have thus inferred
the EGR curvature tensor:

(R(-lbcd)EGR - R(»lbcd + Va Fgc -Ve ng + Fl{c F?d - Fl{d F,(]lcc : (16)
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The contracted tensor

1 1 1
(Rab)EGR = Rap — ) (gab Ve J + g Ja Jb) + E Jab
(1.7)

Jab = anb _abJa

leads to the EGR FEinstein tensor

1 2
(Gab)EGR, = (Rab)EGR - 5 <gabREGR - g Jab> (18)
with the EGR curvature scalar
1 e 1 2
REGR :R— g VEJ + 5:] . (19)

In the Riemannian regime, this tensor obviously reduces to the usual
Einstein tensor

1
Gab - Rab - 5 gabR-

§1.2.2. The EGR world-velocity. On the EGR manifold 9, the
conoids, as defined in the Riemannian scheme, do not exactly coincide
with the EGR representation, because the EGR line element slightly
deviates from the standard Einstein geodesic invariant [10].

The EGR line element includes a small correction to the Riemann
invariant ds? which we write as

(ds?)par = ds® + d(ds?), (1.10)
where

d(ds®) = (Dgap) dada® (1.11)

with Dgab = % (chab + Jbgac - Ja gbc) dz°.
Hence, the EGR line element is simply expressed by

(d82)EGR = (gab + Dgab) dxadxba (1.12)

which naturally reduces to the Riemannian (invariant) interval ds® when
the covariant derivative of the metric tensor gq; vanishes (i.e. when we
have J, =0).

We can thus define an EGR 4-velocity as

dx®
(dS)EGR '

(1.13)

(ua)EGR, =
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This vector will always be assumed to be a unit vector according to

Jab (uaub)EGR = gab (uaub)EGR =1. (1'14)

81.3. The EGR persistent field. The EGR field equation with

a massive source is written

(Gab)EGR =x [pEGR(uaub)EGR + (tab)ﬁeld] ) (1'15)

where s is Einstein’s constant.
The persistent field tensor is here assumed to represent a vacuum
homogeneous background energy which is linked to its density by

V=9 (t*)gera = (F*)geld - (1.16)

Explicitly, (F)gelq is derived from the canonical equations

1 oH

Fy ield — 5 Hoy — (L )pcr 75— , 1.17
( b)ﬁ 1d b b( df) G a(aaFZj')EGR ( )

2

where the invariant density is H = (’R“bRab)EGR built itself with the
second-rank tensor density

(Rab)EGR = (Rab)EGR, \/—_g

Chapter 2. The Perfect Fluid Solution

§2.1. The Weyl formulation. The essential work of Lichnérowicz
on The Generalized Variational Spaces begins by defining the symmetric
Weyl connection:

Wit = {3} + 9" (9ea Fo + gva Fe — goe Fu) - (2.1)

From the point M in the neighborhood of the space-time manifold
V4, a congruence of differentiable lines, such that for all m € V, there
is a unique curve joining M onto m, and thus the Weyl metric

(ds?)w = e*Fds? (2.2)

can be defined, where
F= / K,dz*. (2.3)
M

The form dK = K, dz* is generally non-integrable.
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§2.2. The holonomic scheme. In a holonomic frame [11, p.45], we
have K, =0, K, and the form dK is now integrable. In this case, we
simply write (2.2) as the conformal metric

(ds?) = e*K ds? (2.4)
and the Weyl connection (2.1) reduces to the conformal connection

{gc}/ = {gc}+gad(QCde+gbch _gchd). (25)

§2.3. The fiber bundle framework

§2.3.1. Short overview on fiber bundles. Given an n-dimension-
al manifold M, we can construct another manifold called a fiber bundle
which is locally a direct product of M and a suitable space E, called the
total space. For a thorough theory see for example [12, p.50-55]. In
this section, we shall only consider the tangent bundles category T,(M),
(p € M) which is the fiber bundle over the manifold M obtained by
giving the set £ = U T}, its natural manifold structure and its natural
projection onto M. A trivial example is the manifold M representing
the circle S; and the real line Ry with which can be constructed the
cylinder Cs, as a product bundle over S;.
In the following we shall consider:

e The differentiable manifold Vy4;

e The bundle fiber space Wayx4 of all vectors tangent to various
points of Vy;

e The bundle fiber space Dg_; of all directions tangent to various
points of Vy.

§2.3.2. Variational calculation. Most of the derivations detailed
in here can be found in [13, p.72-75]. An element € Wy is defined by
the coordinates z® of the point x € V4, and by the four quantities °z,
contravariant components of the vector in the natural basis associated
at x to the (z%). For an element of Dg_1, the °z* will be only defined
as directional parameters such that

°x? = x%(u).

The curve C is the projection on V4 of the curve U of Dg_1, locus
of all directions tangent to C at its various points. This parametrized
representation defining C is described in Wg by another curve L(u),
locus of the derivate vectors at u with respect to various points = of C.
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In local coordinates for L(u), we thus have:

dz*
°x? = . 2.6
= — (2.6)
In these coordinates, we consider a scalar-valued function f(x®, °x®)

defined on Wg which is homogeneous and of first degree with respect
to °z*. On V, to the curve C joining the points 2° onto 2! there can
always be associated the integral expressed in L(u) as:

o= /u:l £z, dx®) = /;1 Iz, dz®). (2.7)

Always in local coordinates, let us now evaluate the variation of ®
with respect to the variable points of C:

60 = fa0u' — fuoou® —/ Sfdu. (2.8)

Classically, inspection shows that

[ oram (i) [ mea, 2o

where the P, are the first members of the Euler equations associated
with the function f.
We infer the expression

6@ = [w(d)] 1 — [w(®)] o —/ P, 0z du, (2.10)
where w(d) has the form
_ 6f a _ [o,.a af _
w(d) = (8%“) ox ( o Sora f) (2.11)
and due to the homogeneity of f, it reduces to
of a
w(d) = Hoga ox (2.12)

The P, are the components of a covariant vector P which appear as
a scalar product in (2.9):

00 = [w((?)]ml — [w(8)] 20 —/ (Pdz)du. (2.13)
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§2.3.3. Specific variational derivation. Let us apply the above
results to the function

d
f=ef 4 _ e \/gap oz ot (2.14)

du

where K is always defined in V4.
Between two points 2° and ! of V4 connected by a time-like curve,
we set the integral

CEl xl
s :/ efds :/ e\ gap oz ozt . (2.15)
z0 z0

Then upon differentiation, we readily infer

of

0 °x

2K b
=€ Jab ‘x

f

(2.16)

0 1
faz;,fa _ eK <8angchIa OIC—I— 5 eKaagbc opa oxc>

We now choose s as the parameter of the curve C, so the vector

dz®
= =u® 2.17
o = U (2.17)

OI(I

is here regarded as the unit vector tangent to C.
Equations (2.16) then reduce to the following expressions

of Kb

oexd
1
% — 5 eKabgad uaud + 8b€K s (218)
X

eK{abd} uu® + gy e

where {44} denotes the Christoffel symbols of the first kind.
In this parametrized formulation, the components P, of P are writ-
ten
dof of d g K a,d K
Pb:d_s@_w:d_s(e up) — e {abd} uu® — e,  (2.19)
i.e.

P, = X (u®0,up) — {abd} uu® — 0,e™ (58 — uup) , (2.20)
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hence
Py = X (uVyup) — (0. K)(68 — uup), (2.21)

and (2.13) becomes

55 = [w(®)] . — [w(8)] 0 — / (Poz)ds, (2.22)

S0

where locally:
w(8) = eXug da. (2.23)

When the curve C varies between two fixed points 2° and z!, (2.22)
obviously reduces to

1

ds' = —/x (Pox)ds. (2.24)

0

In order to extremalize s’, P must be zero, and since e #0, we

have
(u* Vg up) — (0, K)(6) — uup) = 0. (2.25)

Chapter 3. The Geodesic Equations
83.1. The Riemannian situation. In V4, the unit vector satisfies
gapuu’ = g uqup =1, (3.1)
and differentiating, we thus obtain
u’V, up = 0. (3.2)
Let us now consider the covariant derivative
Ve (ruup) = r (0, K), (3.3)

where 7 is a scalar.
If we take into account (3.1) and (3.2), the equation (3.3) is equiva-
lent to
u*Vyup = (0°K)(gap — waqup) (3.4)

after contracted multiplication by u® and division by 7.
However, (3.3) is just the conservation condition applied to a tensor

Tup provided we set
r(Op K) = Vg (roy). (3.5)
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Explicitly, the tensor Ty, can be written:
Tap = T UgUp — DGab - (3.6)

We note that this equation has the form of the well-known tensor
describing a perfect fluid with proper density p:

Tap = (p + P)Uatts = P Jab (3.7)

with an equation of state p= f(p), and with r=(p+ p), where p is the
scalar pressure of the fluid.

Hence,
Pod
K=[ 2 (3.8)
po PTD
and
u* Vy up = (0“K)(gab — Uattp), (3.9)
ie.
u“Va Up = (6aK)hab y (3.10)
where
hab = Gab — UqgUp (311)

is the well-known projection tensor in the adopted signature.

The 4-vector 0K is regarded as the acceleration of the flow lines
given by the pressure gradient orthogonal to those lines.

We can thus draw a first conclusion: equations (2.25) and (3.9) are
formally identical. They represent the differential system which the flow
lines must satisfy, or in other words, they represent the geodesics of the
perfect fluid flow lines.

Theorem: In a holonomic frame, a perfect fluid follows time-like lines

extremalizing the integral
1

s = / e*Kds (3.12)

0

for variations between two fixed points.

Therefore, these flow lines are time-like geodesics conformal to the
metric ds?:
(ds?) = e*Kds* = e*K g, dada® (3.13)

with the following metric tensor components:

(9ab)" = € gap , (g°") = e g (3.14)
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One can find a similar conclusion in [14] and [15].

83.2. The EGR geodesics for the EGR massive tensor.

§3.2.1. A conformal like 4-velocity. We now define the collinear
vectors w, with ug:

we = efuyg, w® = efu?, (3.15)

hence
(wa)' = €™ uq, (3.16)
(w®) = e Ku. (3.17)

These are regarded as 4-velocities and are still unit vectors in the
conformal metric (ds?)’.
As a result, an alternative way of expressing (3.10) can be easily

shown to be
(w*)' (Va)' (wp)" = 0, (3.18)

where (V) is the covariant derivative in (ds®)" which is built from the
conformal connection

(Y = {03 + 9" (9ea Ko + gpa Ke — goe Ka) - (3.19)

§3.2.2. Relation between the Weyl and the EGR connections.
We recall that the EGR theory is built from two types of curvature
forms in a dual basis:

The rotation curvature 2-form is:

Qf = —% R, 0N 6% (3.20)

The segmental curvature 2-form is:

Q= —% R _,0°N6O%. (3.21)

This last form results from the variation of the parallely transported
vector around a closed path, a feat which necessarily induces D, gy # 0.
Therefore, the global symmetric connection is easily inferred as

gc - {gc}+gad(Dbgcd+chbd_Ddgbc) (322)
and the Weyl connection

Wit = {4} + 9°Y(gea Fa + gva Fe — gue Fa) (3.23)
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is simply obtained by setting
Dagbc :gcha' (324)

Hence, in this particular case, we can relate the EGR connection to
the Weyl counterpart by

(chab+Jbgac_Jagbc)- (325)

w| =

gcha - Dagbc -

83.2.3. The EGR geodesic equation. In a strict Weyl formula-
tion, the equation (3.4) can be derived up to

u* Vo up = F*(gap — uqus ), (3.26)

where the form dF = F*dzx, is not integrable.
The F can always be chosen so that we have the correspondence

eF(ua)EGR — (wy) = X,
ua

- (3.27)

U per — (W) =e K

e
Therefore, the EGR geodesic equation for the neutral matter is anal-
ogously expressed by

(ua)EGR Da(ub)EGR =F* [gab - (uaub)EGR]' (3'28)

This equation is obeyed by the flow lines of the dynamical mass-
gravity field whose energy-momentum tensor is given by

(Tab)ecr = [PEGR (UaUp)mar + (tab)ﬁcld] , (3.29)

which is to be compared with the tensor

Tab = (p + p) UqgUp — PYGab - (330)

Consequences and conclusions. The main goal of our successives
studies is to provide a physical justification of the theory that predicts
an underlying medium which contains and unifies the particle and anti-
particle states, see [16-20].

To sustain this argument, we have asserted that the EGR Theory
must exhibit a background persistent field filling the standard physical
vacuum.
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In addition, when a neutral massive source is present, the persistent
field tensor should supersede the matter gravity pseudo-tensor neces-
sarily required by the conservation condition which is imposed by the
conserved Riemannian Einstein tensor.

Therefore, the EGR theory allows for describing the geodesic motion
of a dynamical entity that includes the bare mass slightly increased by
its own surrounding gravity field.

In this paper, we have strictly shown that this is indeed the case,
if one places himself in the frame of the generalized variational spaces
which are easily related to the EGR manifold.

Using then a holonomic frame of reference, we eventually find that
the inferred Riemannian perfect fluid tensor matches the model of the
EGR energy-momentum tensor of neutral homogeneous matter. In the
Riemannian scheme, the role of the persistent field tensor is taken up by
the fluid pressure, and the increased bare mass density is here modified
by the fluid pressure through an equation of state.
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