Lichnérowicz’s Theory of Spinors
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Abstract: In this paper, we apply Abraham Zelmanov’s theory of
chronometric invariants to the spinor formalism, based on Lichné-
rowicz’s initial spinor formalism extended to the General Theory of
Relativity. From the classical theory, we make use of the Dirac current
which is shown to be a real four-vector, and by an appropriate choice of
the compatible gamma matrices, this current retains all the properties
of a space-time vector. Its components are uniquely expressed in terms
of spinor components, and we eventually obtain the desired physically
observable spinors in the sense of Zelmanov, next to the scalar, vector,
and tensor quantities.
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Introduction. Preliminary conventions:
— h=1and ¢ #1;

— Four-dimensional general basis e, and numbering of the four 4x4
Dirac gamma matrices with Greek indices: u,v =0,1,2,3;

— Three-dimensional general basis e, with Greek indices: «, (=

=1,2,3;
— Four-dimensional coordinates with Latin indices: a,b,c,...,f=
=0,1,2,3;
— Three-dimensional coordinates with Latin indices: 4,3, k,l,m, ...
. =1,2,3;

— Spinor indices with capital Latin indices: A, B =1,2,3,4.

We first briefly recall the essence of Zelmanov’s theory: the dynamic
fundamental observer can be coupled with his physical referential sys-
tem whose general space-time possesses a gravitational field, generally
subject to rotation and deformation. Physical-mathematical quantities
(scalars, vectors, tensors) as measured in the observer’s accompanying
frame of reference, are called physically observable quantities if and only
if they result uniquely from the chronometric projection of the generally
covariant four-dimensional quantities onto the time line and the spatial
section in such a way that the new semi-three-dimensional quantities
depend everywhere on the monad vector (world-velocity): those are
known as chronometrically invariant quantities.

If the spatial sections are everywhere orthogonal to the time line, the
enveloping space is said to be holonomic. In general, the real space-time
(e.g. of the Metagalaxy) is non-homogeneous and non-isotropic, i.e. it
is non-holonomic.

Besides vectors and tensors, we intend here to derive a law setting
Zelmanov’s physically observable properties for another type of quanti-
ties, namely spinors. To achieve this, we will first follow the Lichnéro-
wicz analysis which formally defines spinors within General Relativity,
and which leads to the well-known Dirac equation for the electron in
a pseudo-Riemannian space-time. We will then infer the Dirac current
from the spinor Lagrangian, which is shown to retain all properties of a
real four-vector.

With a special choice of the gamma matrices compatible with the
regular spinor theory [1], we define the Dirac current as a space-time
vector whose components are exclusively expressed in terms of spinors.

These spinors, as they are physically observed, are thus modified
through the chronometric properties of the general space, i.e. the linear
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velocity of space rotation v;, and the gravitational force F;, as well as
the gravitational potential w.

Three-dimensional non-holonomity and deformation of space, which
are respectively represented by the antisymmetric and symmetric chro-
nometrically invariant tensors A;x, and D, appear in the Christoffel
symbols’ components formulated uniquely in terms of physically ob-
servable quantities [2], which are to be part of the Riemann spinor
connection.

Accordingly, we can construct a Dirac-Zelmanov equation for the
electron interacting with a four-potential A*, whose chronometrically in-
variant projections (physically observable components) only apply here
to AO.

It is essential to note that the inferred Dirac-Zelmanov equation does
also comply with the positron equation, as easily shown below.

81. The Riemannian spinor field

81.1. General Riemannian space-time. Let V4 be a C'*°-differ-
entiable Riemann four-manifold which admits a structural group,
namely the homogeneous (or full) Lorentz group denoted by L(4).
The metric is locally written on an open neighbourhood of the man-
ifold V4 as
ds* = gap dzda®, (1)

which is equivalent to writing
ds® = Ny 010", (2)

where 7, is the Minkowski metric tensor: (1,—1,—1,—1).
The 6# are the four Pfaffian forms (see a formal definition of these
in Appendix) which are related to the coordinate bases by

O" = aldz®, (3)

where the a/ form the tetrad part that carries the curved space-time
properties.

We systematically refer V4 to orthonormal bases, which are the ele-
ments of a fiber space E(Vy), whose structural group is the full Lorentz
group L(4).

Let now F be a matrix FeL(4). The global orientation of the
manifold Vy, is a pseudoscalar denoted by o, whose square is 1, and
which is defined, with respect to the system of frames y of E(Vy), as
the component o, = =£1, such that if y=y'F, we get o, =0, 0F.
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We next define the antisymmetric tensor 5?11 go“ as follows: its com-

ponents are +1 if the upper indices’ series is an even permutation of
the series of lower indices all assumed distinct, and —1 for an odd per-
mutation, and 0 otherwise. The covariant derivative of this tensor is

zero. To simplify the notation, we may just write )" = g%,

1...0 __
8(11...110 - €a1~~~a0'

If V4 is oriented, we set the orientable volume element tensor 7
(whose covariant derivative is also zero), as

abed _ abed

Nabed = V' —Y Eabed 5 n €

al-

In a positively-oriented basis, the Levi-Civita tensor € would have
components defined by £9;23 = 1. This amounts to a choice of orien-
tation of the four-dimensional manifold in where the orthonormal basis
e, represents a Lorentz frame with ey pointing toward the future and
es being a right-handed triad.

As a result, for two global orientations o and o’ on V4, we have
at most two total orientations o and —o, which define the orientable
volume element n as

00" NOTNO*NG7.

Now, on V4, we define the temporal orientation or time orientation
t with respect to the set y € E(V4), by one component t, ==+1, such
that if y = 3’ F, we have

t, =ty tr
where V4 admits at most two time orientations t and —t.
Any vector ey (e3 = 1) at x is oriented towards the future (re-

spectively the past), when the components of t with respect to the
orthonormal frames (eg, es) is 1 (respectively —1).

§1.2. The gamma matrices. In what follows, A* is the complex
conjugate of an arbitrary matrix A, AT is the transpose of A, while A
is the classical adjoint of A.
Let R be the real numbers set on which the vector space is defined.
This vector space is spanned by the 16 matrices
Ly %W WwWYar Y WwYa¥ss (4)

where I is the unit matriz, and the four gamma matrices are denoted by

=t (5)

Note that all indices are distinct here.
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With the tensor 7,,, we write the fundamental relation

VYo + VoV = = 20w L, (6)

which is verified by the gamma matrices, with the following elements

0 -1 0
V=g =il " .
-1 0 0
0 -1 0 0
0 0 0 +1
ol =i | 00 A0
0 -1 0 0
1.0 0 0

(7)
0 0 0 -1
Y ) L R
0 +1 0 0
1.0 0 0
0 0 +1 0
om0 002
1.0 0 0
0 +1 0 0

This system of matrices is also called a standard representation, as
opposed, for example, to the Majorana representation [3, p. 108], or to
the usual spinorial representation.

We note that

Y ==Y (8)
and also

det(%) =1, tr (7#) =0, tr ('V#'VV) =0, tr ('Y,u'YV'YU) =0

for p # v # o, etc.

82. The spinor concept
§2.1. The isomorphism p. We shortly recall the definition of the
spin group Spin(4) which is said to be the covering of L(4). The pro-
jection p of Spin(4) onto L(4) is such that if

A=(AY)=pA, AcL(4), Ae€Spin(4)

v



122 The Abraham Zelmanov Journal — Vol. 5, 2012

we must have ,
Ay AT = Ay

where p is regarded as the isomorphism of the spin group S(4) on the
Lorentz group L(4).

In view of expressing the spinors as physically observable quantities,
one could start with the regular Riemannian line-element

ds? = gap dzda®,
which becomes in Zelmanov’s theory

ds = Pdr? — do?,

where )
1 goida’
dr = \/goo dt + — ;
¢ /Yoo
do? = hip dz'dz®
and 90i9
hik = — gix + J0i90k
doo

(See [4], formula 1.29, in accordance with formula 84.6 of §84 [5].)
Hence considering h/,hj; =0}, one could then start by writing the
physically observable Dirac matrices as simply verifying the relation

Vive VeV = — 201

but the matrix v, (z) is omitted and the isomorphism p can no longer
apply.

Therefore, writing the Pfaffian interval as ds® =mn,,0"6" allows us
to preserve this isomorphism, which is the fundamental feature of any
relativistic spinor theory. Like in the classical treatment, we thus main-
tain the relation (6), so that the gamma matrices are kept non-local.
Proceeding with the Lichnérowicz formalism, we shall see that there is
another way to obtain the spinors as unique observable quantities within
Zelmanov’s theory.

§2.2. Spinor definitions. From E(V,), we define a principal fiber
space denoted by S(V,4) whose each point z represents a general spinor
frame: at this stage, it is essential to understand that Spin(4) is here its
structural group. Vy is therefore a vector space of 4x4 matrices with
complex elements, which is acted upon by the Spin(4) group [6].
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Let us denote by 7 the canonical projection of S(V4) onto V4, and
p the projection of S(V4) onto E(V4), so that a tensor of V4 is referred
to its frame by y = pz.

The contravariant 1-spinor ¢ at © € Vy is defined as a mapping
z — 1p(z) of 771 (x) onto V.

The covariant 1-spinor ¢ at x is a mapping z — ¢(z) of 7~ 1(z) onto
the space Vy, dual to Vy.

The contravariant 1-spinor ¢ forms a vector space Sx on the complex
numbers, whereas the covariant 1-spinor forms the vector space S'x
dual to Sz. The contravariant 1-spinor ¢ has also its covariant 1-spinor
counterpart expressed by

¥ =t48, (9)
which is classically known as the Dirac conjugate, also expressed by
=1’ (10)

with t = +1. Herein, S is a matrix defined below in (12).
Conversely, any covariant 1-spinor ¢ is now the image of the con-
travariant 1-spinor t[3¢.

§2.3. The charge conjugation and the adjoint operation. An
antilinear mapping C of Sz onto itself exists. It maps a 1-spinor v to
another 1-spinor such as

C:y— C ="

We readily see that C? = Identity (¢» — 1), while C is known as the
charge conjugate operation.
In particular, the charge conjugate of the covariant 1-spinor ¢ is

Cop=1v"
hence

(Co,¢) = (6, Cy)".

The relation (6) results from the identity (ut7y,)*=— (ulu’n,, )1,
where u* € C (complex numbers), thus from (8) we find

YovYs = =T (11)

Introducing now the real matrix 3 = iy, which verifies 82 = I, the
important relation can be derived from (10)

BruB~t=—Au. (12)
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By defining an antilinear mapping A of Sz onto S’z as
Ay — ) =typ (13)

we have the Dirac adjoint operation A.
We now consider a contravariant 1-spinor ¥ which satisfies C¢) = ¢*.
Thus

ACy =ty'p.
On the other hand, Ay = t¢3, from which we infer
CAy =t9yT,
i.e. CAyp=—1tyT 3. Therefore
ACt = —CA.

The Dirac adjoint operator and the charge conjugation anticommute
on the 1-spinors [7].

83. The Riemannian Dirac equation

83.1. The spinor connection. In order to write the Schrédinger
equation under a relativistic form, Dirac introduced a four-component
wave function 14 (see [8] and [9, p.252]) expressed with the gamma
matrices. In the classical theory, the expression ”ygA(?# is known as the
Dirac operator, and it is customary to omit the spinor indices A, B by
simply writing ”y;?B so as to get v#0,.

In a Riemannian situation, the derivative 0, becomes D, with a
Riemannian spinor connection defined as follows:

N =- i I yyy = — i LYy, (14)
Within a neighbourhood il of E(Vy4), we define a connection 1-form
I that is represented by either of the two matrices I'* or I'*”, and whose
elements are linear forms.
The matrix IN defines the spinor connection corresponding to I.
The elements of IN are given by the local 1-forms

1 14
N‘é = —Zf‘jwfchc.

By means of the Riemannian connection I'# with respect to the
frames in 4, the corresponding coefficients of IN are written

1 v
Nga == Z Fﬁaﬂ)/fC’YBc . (15)
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83.2. The Riemannian Dirac operators and subsequent Dirac
equation. Some inspection shows that the absolute differential of the
gamma matrices is given by

DAyt =dy* +Thy" + (Nv* =" N) (16)

and this differential is shown to be zero. With (15) it can also be inferred
that the covariant derivative of a spinor 1% is

D, * = 0,0 + Nj 0P (17)
and for the covariant 1-spinor ¢

D,¢a =0ha — N5 v5.

Introducing now the Riemannian Dirac operators W and W as
Wi =9"Duy,  Wo=-D,dy" (18)
for a massive spin-%—ﬁeld7 the Riemannian Dirac equations [10] are writ-
ten as
(W —mpe)p =0, (19)
(W —mqc) ¢ =0, (20)

where the rest mass mg is usually attributed to the associated particle.
Classically, the Dirac massive equation is always written with the
contravariant 1-spinor v, satisfying the free field equation (19) (no ex-
ternal interacting field).
In accordance with our previous results, the Dirac adjoint v thus

satisfies B B
(W—=mgc)p =0. (21)

83.3. The Dirac current vector density. In order to obtain the
physically observable spinor quantities we are aiming at, we first de-
fine a space-time vector which is entirely expressed through the spinor
formulation. For this purpose, we will rely on the Dirac current vec-
tor which is formally inferred from the Dirac Lagrangian of a massive
fermion field. Such a Lagrangian is shown to be [11]

171 - _ _
L= 5[99 Dy — (D)4 | — moc v (22)
An alternative formula is given by
Lp =P (" = moe) .

Since these forms differ only by a divergence which vanishes at infin-
ity, they generate the same action and correspond to the same physics.
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Following Noether’s theorem, we now apply the invariance rule to
Lp (22) upon the global transformations (where U is a positive scalar).

v — ey, e
for linear transformations of ¢, the respective Lagrangian variation is
§Lp =iYy* D, oU =D, (iz/?w“z/} 5U) -D, (ML’}/H’(/J) oU

from which we expect to infer a current density (j,)p through a classical
action variation

5Sp — — / D, (") 5U7 (23)

where we have set
(") = iy (24)
If 4 is a solution of the Dirac field equations (19), Sp vanishes for
any 0U, so
D, (3")p = 0. (25)

Thus we have defined the conserved Dirac current vector density
(7*)p which is a real vector. To prove this, we write (j#)p with the aid
of (12) B

(J")p =ity Byt

Applying the usual adjoint operation (j*)}, = —it@ﬁ“ﬁw and tak-

ing into account ¥# 3 = —Bv", we eventually find

(") = ity = iy = (j*)p (26)
which concludes the demonstration.

84. The Dirac-Zelmanov equation
84.1. The unique physically observable spinor. We shall now
suggest a way to express the 1-contravariant spinor through the charac-
teristics of Zelmanov’s formalism of General Relativity and Riemannian
geometry (i.e. the theory of chronometric invariants).
Consider the monad world-vector
_dz*
ds
According to Zelmanov’s theorem, for any vector Q*, two quantities
are physically observable:

b (27)

Qo
V900

Q= (28)
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and ; ;
h,Q" = Q" (29)

At first glance, all one would have to do, is simply replace Q* with j*.
However, in this case, we readily see that Qo (or jy) must differ from
QY (or j%) which seems to contradict the matrix definition for v (7).
Therefore, we will tackle the problem in a different manner.

With the aid of the standard gamma matrices (7), the components
of j# are easily derived:

j0 =t (1/)11/)1* L pRp2* L pBydt ¢4¢4*)
D=t (W21 + Ty — g7 —gIyhr)

2 _ it (1/)21/)1* aplpBr aphapP 4 ¢3¢4*)
5 = =t (Il — 22 — IS g aph)

The vector j* retains all the space-time properties as j is shown

to lie within the (future) half-light cone for t = +1. Analogously, the

vector 7 can be isotropic in which case j#j, must be zero.
Like in the Riemannian picture, we make explicit j*j, as follows:

39 =07 = G =" =4 - (31)

Then, we remark that (31) is formally similar to Zelmanov’s expres-
sion for an arbitrary vector A

AFA, = a’® —a'a; = a®> — hypa'a® (32)

.

(30)

.

setting j# = A", we then have

Jo
a= , 33
goo (33)
a' = j', (34)
with _
) a+ via® ) via
.70:7‘;5 Ji = —a; — - ) (35)
1—-= ¢
where v; = — \C/ZOTZ is the linear velocity of space rotation, while w=

= c2(1—\/gog) is the gravitational potential.
Thus, we see that the only combination of the observable spinor
components are (with t = +1, see above)

R S QB )
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We have now reached our goal by linking the first spinor combination
of (30) with relations (34) and (36), i.e. we have found the unique
physically observable spinors. This mathematical approach also enables
us to note that jy and j have distinct expressions within the framework
of Zelmanov’s theory.

84.2. The Zelmanov spinor connection. Consider now the Rie-

mannian connection coefficients I'’/, which are just the Christoffel sym-

bols (i.e. Levi-Civita connection) with respect to any coordinate basis.
We define the Zelmanov spinor connection as

1 v
(Ngoz)zcl = - Z (Fﬁa)ch ’7;?0 ’YBC : (37)

The components of the (I'%, )., have been deduced by Zelmanov as
the unique physically observable quantities

rggz—ll ! aw—l—(l—c—)kak

c? _Wat
1 w\2
ko k
-z (1-3) ™
1 1 Ow
ng:C—Ql— T A T Uk (Dk-i-A —1——sz’“>

1 1
rk = - (1—32) (D5+A;’?+—2viF’“),
C C C
1 1
RN S
! c(1-%) T

1
1 a’UZ‘ 61;]-
+§(8:1:j+8xi>_  (Fioy + Fui) — A Un}’

1 . 1
rh = 8%~ o (D+a8) + 0y (DE+48) + o 7).

where

1 h”” “Ohjm | *Ohgm  *Ohji
h = ok i dzm
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are the chronometrically invariant Christoffel symbols, for which the
fundamental differential operator is

00 goi O
ox' Ozt gy 020

Associated with the global non-holonomic vector v;, Zelmanov’s an-

gular momentum tensor A;; — ultimately characterizing the space as

non-holonomic and non-isotropic — is given by

1 /0v,  Ovy 1
A =3 (37 - axk) T g Fioe = L)

Here
1 Ohiy

" 2900 Ot

is the space deformation tensor and

1 ow (9’Ui
Fi= 1-% ([iri_ 8t)

C

ik

is the gravitational inertial force vector.

84.3. The massive Dirac field interacting with an electromag-
netic field. Let us consider here the Lagrangian for a charged Dirac
massive field coupled with a potential A,

L, Au) = L) + L(Au) — e A, (D

the coupling constant e is taken as a negative charge (i.e. the electron).
Taking into acccount the expression of the Dirac current density

(") = i (P") (38)
we shall evaluate the variation of the Lagrangian £(1, A,,).
After a simple but lengthy calculation, we obtain (omitting p in j)

SL(p, Ap) = [0 (v (D —ieAu)h —moerp)] +
+ [(—(Dy +ied,) py* —mocp) o] +
+ [ —=D"(DyA, —DuA,) — ej | 6A* + divergence term.  (39)

Extremalizing the action defined from L(v, A,), we get two (mas-
sive) field equations

7V (Dy — 1eAu)yp = mocyp, (40)
—(Dy + ieA,) Pt = moct, (41)
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and
0dA =¢ej. (42)

Under the conjugate operation, the following transformation
Y — Yo
takes a place, and the first equation (40) becomes

Y Dy +ieAu) Py = mocte (43)

and it is interpreted as the positron equation which accounts for the anti-
electron or positron with a positive charge, when 1. is substituted into
1. Thus, in equation (43), the rest mass mg represents the positron.

Within the Zelmanov picture, the Dirac equation (40) will be uni-
quely written as

Y [(Dp)zel — i€ (Au)zel] ¥ = moct)’, (44)

where ¢ is the modified spinor according to (36) and (D,)ze is the
spinor derivative constructed from the components of (37).

As regards the four-potential (A,,)ze1, we have the following compo-
nents

A() = b‘uA#\/g()g . (45)

This scalar potential is a chronometrically invariant quantity, with
the associated vector components:

Agv;

A; = —hip A — :
g C+/900

(46)

Concluding remarks. There is no ambiguity neither any loss of gen-
erality regarding the special choice of gamma matrices (7), as long as
they verify the fundamental relation (6). Therefore, assuming that the
inferred Dirac current is a space-time vector is here legitimate all the
more as this vector can be isotropic.

Based on this weak constraint, it has thus been possible to express
the contravariant 1-spinor ¢ (or its combination) in terms of the gravi-
tational potential w and the linear velocity of space rotation v;.

The Dirac-Zelmanov equation for a massive field completes the scope
of the theory by implicitly displaying the non-holonomity and non-
isotropy tensor A, and the tensor of deformation of space D;j, through
the Zelmanov spinor connection.

In equation (44), the electron and its rest mass mg are constant and
are independent of the observer, so even when the contravariant 1-spinor
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1) is modified when viewed in the observer’s physical frame, the positron
equation (43) should also be true in Zelmanov’s theory.

But above all, the most salient feature of the present theory certainly
lies in that the Zelmanov theory entirely confirms the way Lichnérowicz
approached the spinor analysis in General Relativity.

It is indeed remarkable to note that the observable spinor formula-
tion requires the fundamental relation (6) to be maintained.

Any other current attempts to write down (6) as

Ya()V6(2) + Y5(2) Ve () = —2gab ],

where v,(x) = a#(x)v, are the mere local generalization of the gamma
matrices (see for instance [11, p.25] or [12, p.515]), can be definitely
ruled out.

It also means that the adopted metric form ds? =m,, 60" clearly
appears to be the right choice for describing the spinor in General Rel-
ativity.

This is certainly the essential result of our short study, as it dramat-
ically shows that the chronometric (physically observable) properties of
Zelmanov are equivalent to a pure mathematical analysis (Lichnérowicz)
in perfect harmony with quantum theory (Dirac) and resulting experi-
mental data (i.e. existence of the positron).

Appendix. In mathematics, a vector cannot in general be considered
as an arrow connecting two points on the manifold M [14]. A tangent
vector V' along a curve (t) at p, is considered as an operator (linear
functional) which assigns to each differential function f on M, a real
number V(f).

This operator satisfies the axioms:

Axiom I: V(f+h)=V(f)+V(h),
Axiom II: ~ V(fh)=hV(f)+ fV(h),
Axiom III: ~ V(cf) = ¢V (f), where ¢ = constant.
One shows that such a tangent vector can be expressed by

0
Oxa’
where the real coefficients V' are the components of V' at p, with re-
spect to the local coordinates (x!,...,z%) in the neighbourhood of p.
Accordingly, the directional derivatives along the coordinates lines at p
form a basis of the four-dimensional vector space whose elements are
the tangent vectors at p, i.e. the tangent space T),.

V=V
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The basis (aga) is called a coordinate basis. On the contrary, a
general basis e, is formed by four linearly independent vectors e, ; any

vector V' € T, is a linear combination of these basis vectors:
V =V%,.

By definition, a I-form (Pfaffian form) ¢ maps a vector V into a
real number, with the contraction denoted by the symbol <, V>, and
this mapping is linear.

The four linearly independent 1-forms #* which are uniquely deter-
mined by

<O" e,>=4"
form a general basis of the dual space T}, to the tangent space T). This
basis is said to be dual to the basis e of T},. The bases e,, 8" are linear
combinations of coordinates bases:

e,,zb“( 9 ), 0" = aldx”.

v\ Ox@

Submitted on August 30, 2012

1. Moret-Bailly F. Le champ neutrinique en relativité générale. Ann. Institut Henri
Poincaré, sec. A, 1966, vol. 4, 301-355.

2. Zelmanov A. Chronometric Invariants. Translated from the preprint of 1944,
American Research Press, Rehoboth (NM), 2006.

3. Berestetski V., Lifshitz E., Pitayevski L. Electrodynamique quantique. (Series:
Physique théorique, tome 4), 2¢me édition, traduit du Russe par V. Kolimeev,
Editions de la Paix, Moscou, 1989.

4. Borissova L. et Rabounski D. Champs, Vide, et Univers Miroir. American Re-
search Press, Rehoboth (NM), 2010.

5. Landau L.D. et Lifshitz E.M. Théorie des Champs. Traduit du Russe par
E. Gloukhian, Editions de la Paix, Moscou, 1964.

6. Lichnérowicz A. Champs spinoriels et propagateurs en relativité générale. Bul-
letin Soc. Mathématique de France, 1964, tome 92, 11-100.

7. Lichnérowicz A. Champ de Dirac, champ du neutrino et transformations C,
P, T sur un espace courbe. Ann. Institut Henri Poincaré, sec. A, 1964, vol. 3,
233-290.

8. Dirac P. A.M. The Principles of Quantum Mechanics. P.U.F. (Presses Univer-
sitaires de France), Paris, 1931.

9. De Broglie L. Eléments de la Théorie des Quanta et de la Mécanique Ondula-
toire. Gauthiers-Villars, Paris, 1959.

10. Lichnérowicz A. et Moret-Bailly F. Comptes Rendus de l’Académie des Sci-
ences, 1963, tome 257, 3542.



11.

12.

13.

14.

Patrick Marquet 133

Ross G. G. Grand Unified Theories. The Benjamin/Cummings Publishing Com-
pany Inc., Menlo Park (CA), 1985.

Buchbinder L.D., Odinsov S.D., Shapiro I.L. Effective Action in Quantum
Gravity. Institute of Physics Publishing, Bristol and Philadelphia, 1978.
Salam A. Impact of Quantum Gravity Theory on Particles Physics. VIII. Quan-
tum Gravity. An Oxford Symposium. Clarendon Press, Oxford, 1978.

Kramer D., Stephani H., Hertl E., Mac Callum M. Exact Solutions of Einstein’s
Field Equations. Cambridge University Press, Cambridge, 1979.



Vol. 5, 2012 ISSN 1654-9163

— THE
ABRAHAM ZELMANOV

JOURNAL

The journal for General Relativity,
gravitation and cosmology

TIDSKRIFTEN —
ABRAHAM ZELMANOV

Den tidskrift for allmanna relativitetsteorin,
gravitation och kosmologi

Editor (redaktor): Dmitri Rabounski
Secretary (sekreterare): Indranu Suhendro

The Abraham Zelmanov Journal is a non-commercial, academic journal registered
with the Royal National Library of Sweden. This journal was typeset using IMTEX
typesetting system.

The Abraham Zelmanov Journal ar en ickekommersiell, akademisk tidskrift registr-
erat hos Kungliga biblioteket. Denna tidskrift ar typsatt med typsattningssystemet

IATEX.

Copyright © The Abraham Zelmanov Journal, 2012

All rights reserved. Electronic copying and printing of this journal for non-profit,
academic, or individual use can be made without permission or charge. Any part of
this journal being cited or used howsoever in other publications must acknowledge
this publication. No part of this journal may be reproduced in any form whatsoever
(including storage in any media) for commercial use without the prior permission
of the publisher. Requests for permission to reproduce any part of this journal for
commercial use must be addressed to the publisher.

Eftertryck férbjudet. Elektronisk kopiering och eftertryckning av denna tidskrift
i icke-kommersiellt, akademiskt, eller individuellt syfte &ar tillaten utan tillstand
eller kostnad. Vid citering eller anvandning i annan publikation ska kéallan anges.
Mangfaldigande av innehallet, inklusive lagring i nagon form, i kommersiellt syfte ar
forbjudet utan medgivande av utgivarna. Begiran om tillstand att reproducera del
av denna tidskrift i kommersiellt syfte ska riktas till utgivarna.



